Summary. In this article, we define the set H of quaternion numbers as the set of all ordered sequences q = x, y, w, z where x,y,w and z are real numbers. The addition, difference and multiplication of the quaternion numbers are also defined. We define the real and imaginary parts of q and denote this by x = (q), y = 1 (q), w = 2 (q), z = 3 (q). We define the addition, difference, multiplication again and denote this operation by real and three imaginary parts. We define the conjugate of q denoted by q * and the absolute value of q denoted by |q|. We also give some properties of quaternion numbers.
The articles [14] , [16] , [2] , [1] , [12] , [17] , [4] , [5] , [6] , [13] , [3] , [11] , [7] , [8] , [15] , [18] , [9] , and [10] provide the terminology and notation for this paper.
We use the following convention: a, b, c, d, x, y, w, z, x 1 , x 2 , x 3 , x 4 denote sets and A denotes a non empty set.
The functor H is defined by: (Def. 1) H = (R 4 \ {x; x ranges over elements of R 4 : x(2) = 0 ∧ x(3) = 0}) ∪ C.
Let x be a number. We say that x is quaternion if and only if: (Def. 2) x ∈ H .
Let us observe that H is non empty. Next we state several propositions:
(5) {x 1 , x 2 , x 3 , x 4 } ⊆ X iff x 1 ∈ X and x 2 ∈ X and x 3 ∈ X and x 4 ∈ X.
Let us consider A, x, y, w, z and let a, b, c, d be elements of
The functor j is defined by:
The functor k is defined by:
One can check the following observations: * i is quaternion, * j is quaternion, and * k is quaternion.
Let us observe that there exists a number which is quaternion. Let us mention that every element of H is quaternion. Let x, y, w, z be elements of R. The functor x, y, w, z H yields an element of H and is defined as follows: 
(7) For every element g of H there exist elements r, s, t, u of R such that g = r, s, t, u H .
We adopt the following convention: a, b, c, d are elements of R and r, s, t are elements of Q + .
One can prove the following four propositions:
(9) Let A be a subset of Q + . Suppose there exists t such that t ∈ A and t = ∅ and for all r, s such that r ∈ A and s ≤ r holds s ∈ A. Then there exist elements r 1 , r 2 , r 3 , r 4 , r 5 of Q + such that r 1 ∈ A and r 2 ∈ A and r 3 ∈ A and r 4 ∈ A and r 5 ∈ A and r 1 = r 2 and r 1 = r 3 and r 1 = r 4 and r 1 = r 5 and r 2 = r 3 and r 2 = r 4 and r 2 = r 5 and r 3 = r 4 and r 3 = r 5 and r 4 = r 5 .
. Then x = x and y = y and z = z and w = w .
H holds x 1 = y 1 and x 2 = y 2 and x 3 = y 3 and x 4 = y 4 .
Let x, y be quaternion numbers. The functor x + y is defined by:
(Def. 7) There exist elements
H and y = y 1 , y 2 , y 3 , y 4 H and x + y = x 1 + y 1 , x 2 + y 2 , x 3 + y 3 , x 4 + y 4 H . Let us observe that the functor x + y is commutative.
Let z be a quaternion number. The functor −z yields a quaternion number and is defined by:
Let us observe that the functor −z is involutive.
Let x, y be quaternion numbers. The functor x − y is defined as follows:
Let x, y be quaternion numbers. The functor x·y is defined by the condition (Def. 10).
(Def. 10) There exist elements x 1 , x 2 , x 3 , x 4 , y 1 , y 2 , y 3 , y 4 of R such that x = x 1 , x 2 , x 3 , x 4 H and y = y 1 , y 2 , y 3 , y 4 H and
Let z, z be quaternion numbers. One can verify the following observations: * z + z is quaternion, * z · z is quaternion, and * z − z is quaternion.
j Is an element of H and it can be characterized by the condition:
Then k is an element of H and it can be characterized by the condition:
One can prove the following propositions:
Let z be a quaternion number. The functor (z) is defined as follows:
(Def. 13)(i) There exists a complex number z such that z = z and (z) = (z ) if z ∈ C, (ii) there exists a function f from 4 into R such that z = f and (z) = f (0), otherwise. The functor 1 (z) is defined by: (Def. 14)(i) There exists a complex number z such that z = z and 1 (z) = (z ) if z ∈ C, (ii) there exists a function f from 4 into R such that z = f and 1 (z) = f (1), otherwise. The functor 2 (z) is defined as follows: Next we state two propositions:
(25) If (z 1 ) = (z 2 ) and 1 (z 1 ) = 1 (z 2 ) and 2 (z 1 ) = 2 (z 2 ) and 3 (z 1 ) = 3 (z 2 ), then z 1 = z 2 . The quaternion number 0 H is defined as follows:
The quaternion number 1 H is defined as follows:
(26) If (z) = 0 and 1 (z) = 0 and 2 (z) = 0 and 3 (z) = 0, then z = 0 H .
(1 H ) = 1 and 1 (1 H ) = 0 and 2 (1 H ) = 0 and 3 (1 H ) = 0.
(30) (i) = 0 and 1 (i) = 1 and 2 (i) = 0 and 3 (i) = 0.
(31) (j) = 0 and 1 (j) = 0 and 2 (j) = 1 and 3 (j) = 0 and (k) = 0 and
In the sequel x denotes a real number. We now state three propositions: 
Let x be a real number and let y be a quaternion number. The functor x + y is defined as follows:
(Def. 19) There exist elements y 1 , y 2 , y 3 , y 4 of R such that y = y 1 , y 2 , y 3 , y 4 H and x + y = x + y 1 , y 2 , y 3 , y 4 H .
Let x be a real number and let y be a quaternion number. The functor x − y is defined by:
Let x be a real number and let y be a quaternion number. The functor x · y is defined as follows:
(Def. 21) There exist elements y 1 , y 2 , y 3 , y 4 of R such that y = y 1 , y 2 , y 3 , y 4 H and x · y = x · y 1 , x · y 2 , x · y 3 , x · y 4 H .
Let x be a real number and let z be a quaternion number. One can verify the following observations: * x + z is quaternion, * x · z is quaternion, and * x − z is quaternion.
Let z 1 , z 2 be quaternion numbers. Then z 1 + z 2 is an element of H and it can be characterized by the condition:
The following proposition is true (36) (z 1 + z 2 ) = (z 1 ) + (z 2 ) and 1 (z 1 + z 2 ) = 1 (z 1 ) + 1 (z 2 ) and 2 (z 1 + z 2 ) = 2 (z 1 ) + 2 (z 2 ) and 3 (z 1 + z 2 ) = 3 (z 1 ) + 3 (z 2 ). Let z 1 , z 2 be elements of H . Then z 1 · z 2 is an element of H and it can be characterized by the condition:
We now state four propositions:
(37) z = (z) + 1 (z) · i + 2 (z) · j + 3 (z) · k.
(38) Suppose 1 (z 1 ) = 0 and 1 (z 2 ) = 0 and 2 (z 1 ) = 0 and 2 (z 2 ) = 0 and 3 (z 1 ) = 0 and 3 (z 2 ) = 0. Then (z 1 · z 2 ) = (z 1 ) · (z 2 ) and
